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Abstract. The versal deformation ring R{G, V) of a mod p representation V of a profinite 
group G encodes all isomorphism classes of lifts of V to representations of G over complete local 
commutative Noetherian rings. We introduce a new technique for determining R{G, V) when G 
is finite which involves Brauer's generalized decomposition numbers. 



1. Introduction 

Let k be an algebraically closed field of positive characteristic p, let W = W(k) be the ring of 
infinite Witt vectors over fc, and let G be a finite group. An important question in the representation 
theory of G is whether a finitely generated fcG-module V can be lifted to W. For example, Green's 
lifting theorem shows that this is possible if there are no non-trivial 2-extensions of V by itself. A 
natural generalization of this question is to consider the functor which sends each complete local 
commutative Noetherian ring R with residue field k to the set of isomorphism classes of lifts of 
V over R. If this functor is represented by a ring R{G,V), we say that R{G,V) is the universal 
deformation ring of V. More generally, one can always associate to ^ a versal deformation ring 
R{G, V), whose precise definition is recalled in Section[2j It was shown in j5j Prop. 2.1] that if the 
stable endomorphism ring End ;.gfy) is isomorphic to k, then the versal deformation ring R{G, V) 
is always universal. 

Apart from the fact that universal deformation rings of representations of finite groups give more 
insight into the representation theory of these finite groups, there is another important motivation 
for studying these universal deformation rings. Namely, universal deformation rings for finite groups 
provide a good test case for various conjectures concerning the ring theoretic properties of universal 
deformation rings for profinite Galois groups. For example, Flach asked whether there could be 
universal deformation rings which are not complete intersections (see ^ST). In [6,T it was shown that 
the universal deformation ring of the non-trivial irreducible mod 2 representation of the symmetric 
group 5*4 is not a complete intersection; in fact it is not even Cohen-Macaulay. This led to infinitely 
many examples of real quadratic fields L such that the universal deformation ring of the inflation 
of this representation to the Galois group over L of the maximal totally unramified extension of 
L is not a complete intersection. In [5], examples of finite groups G and mod p representations 
of G for every odd prime number p were constructed such that the universal deformation rings of 
these representations are not complete intersections. The main advantage of computing universal 
deformation rings for representations of finite groups is that one can use deep results from modular 
representation theory due to Brauer, Erdmann [27], Linckelmann [33l|34], Carlson- Thevenaz [El [20], 
and others. 

In this paper, we propose a new method of determining universal deformation rings, using 
Brauer's generalized decomposition numbers. Brauer generalized the usual decomposition num- 
bers in [11] to be able to express the values of ordinary irreducible characters not only on p-regular 
elements but also on p-singular elements in terms of Brauer characters. We will show how to use 
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these generalized decomposition numbers to determine the universal deformation rings -R(G, V) for 
certain mod p representations V of finite groups G whose stable endomorphisms are all given by 
scalars. The V we consider are those for which Brauer's generalized decomposition numbers carry 
the most information; these V are called maximally ordinary below. For maximally ordinary V, the 
generalized decomposition numbers enable us to find a family of Galois orbits of ordinary irreducible 
characters of G which can be used to construct lifts of V to large local rings in characteristic 0. 
This provides a powerful tool for computing universal deformation rings. The need for the use of 
Brauer's generalized decomposition numbers is related to how much fusion of conjugacy classes of 
p-power order elements occurs in G. 

Suppose is a fcG-module whose stable endomorphism ring is isomorphic to k. Then V has a 
unique non-projective indecomposable summand (up to isomorphism). Since the universal defor- 
mation ring i?(G, V) only depends on this indecomposable direct summand by [5l Cor. 2.7], we may 
assume that V is indecomposable. Hence there exists a unique p-block B to which V belongs. The 
case when B has finite representation type has been fully studied in 5 . Therefore, we concentrate 
in this paper on the case when B has infinite tame representation type. Because the study of local 
blocks requires different arguments, as was demonstrated for example in [2], we further assume 
that B is not local. Let D be a defect group of B. We say V is maximally ordinary if the Brauer 
character of V is the restriction of an ordinary irreducible character x such that for every a € D 
of maximal p-power order, Brauer's generalized decomposition numbers corresponding to a and 
X do not all lie in {0,±1} (see Definition 13. 2|) . This condition ensures that Brauer's generalized 
decomposition numbers carry enough information for our method to be applied to V. 

The following theorem summarizes our main results; more precise statements can be found in 
Sect, ini and in particular in Corollary 16.21 and Theorem 16.61 

Theorem 1.1. Suppose G is a finite group, B is a non-local block of kG of infinite tame represen- 
tation type, and D is a defect group of B of order . There exists an indecomposable kG-module V 
belonging to B whose stable endomorphism ring is isomorphic to k and which is maximally ordinary 
if and only if n > A. Moreover, the isomorphism class of every such V can be described explicitly. 
Suppose V is such a maximally ordinary module. There exists a monic polynomial qn{t) £ W[t\ of 
degree p""^ — 1 which depends on D but not on V and which can be given explicitly such that either 

(i) R{G,V)/pR{G,V) fc[[i]]/(iP""'-i), m which case R{G,V) ^ W[[t]]/{qn{t)), or 

(ii) R{G,V)/pR{G,V) ^ fc[[i]]/(iP""'), in which case R{G,V) ^ M^[[t]]/(t g„(t),p9„(t)). 

In all cases, the ring i?(G, V) is isomorphic to a subquotient ring of WD, and it is a complete 
intersection if and only if we are in case (i). 

In particular, Theorem II . II gives a positive answer to [5j Question 1.1] for all B and V considered 
in the theorem. A precise description of the maximally ordinary modules V belonging to B is given 
in Corollary 16.21 A formula for the polynomials qn (t) can be found in Definition 15.31 and Remark 

The use of Brauer's generalized decomposition numbers provides a correction to some arguments 
in [31 Sect. 3.4], [H Sect. 5], and (U Sect. 3.2]. Namely, in these papers a formula for the values of 
the ordinary irreducible characters on elements in D of maximal p-power order was assumed, which 
is true for principal infinite tame blocks but cannot be verified for arbitrary infinite tame blocks 
because there may be more fusion of Z3-conjugacy classes in G when the blocks are not principal 
(see Remark l5.2p . 

The paper is organized as follows. In Section [21 we recall the definitions of deformations and 
deformation rings. In Section [3l we give a brief introduction to Brauer's generalized decomposition 
numbers, as introduced in [HI [12]. Using [27], we descibe in Section [4] the quivers and relations of 
the basic algebras of all non-local blocks B of infinite tame representation type, and provide their 
decomposition matrices. In Section [S] we describe results of [16,.37J about the ordinary irreducible 
characters of G belonging to B. In Section [6l we prove Theorem ll.il 
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2. Preliminaries 

In this section, we give a brief introduction to versal and universal deformation rings and defor- 
mations. For more background material, we refer the reader to and |23) . 

Let k be an algebraically closed field of characteristic p > 0, and let W be the ring of infinite 
Witt vectors over k. Let C be the category of all complete local commutative Noetherian rings with 
residue field k. Note that all rings in C have a natural W^-algebra structure. The morphisms in C 
are continuous M^-algebra homomorphisms which induce the identity map on k. 

Suppose G is a finite group and y is a finitely generated fcG-module. A lift of V over an object 
i? in C is a pair (M, 0) where M is a finitely generated /^G-module which is free over R, and 
(j) : k 0fi M — >■ 1^ is an isomorphism of /cG-modulcs. Two lifts (A/, (p) and (Af', ip') of V over R 
are isomorphic if there is an isomorphism / : Af — > M' with (p — (j)' o {k ® f) . The isomorphism 
class [Af, 0] of a lift (Af, </>) of V over R is called a deformation of V over i?, and the set of all such 
deformations is denoted by DefG(V, R). The deformation functor 

Fv -.C-^ Sets 

is a covariant functor which sends an object R in C to DefG(V, R) and a morphism a : i? — ?> i?' in 
C to the map HeiaiV.R) DeiciV.R') defined by [Af , i-^ [i?' (8)_R.,a Af,0a], where 0a = after 
identifying k {R' (g)R^a M) with k (g)R M. 

Suppose there exists an object R{G, V) in C and a deformation [C/(G, F), c/);/] of V over i?(G, 
with the following property: For each i? in C and for each lift (Af , (j)) of V over R there exists 
a morphism a : R{G,V) — > i? in C such that Fv{a){[U{G,V),(f>u]) — [M,(f>], and moreover a is 
unique if R is the ring of dual numbers fc[e]/(e^). Then f?(G, is called the versal deformation 
ring of V and [C/(G, V), (pu] is called the versal deformation of If the morphism a is unique for 
all R and all lifts (Af , (p) of over R, then i?(G, V^) is called the universal deformation ring of V 
and [?7(G, V), <pu] is called the universal deformation of V^. In other words, i?(G, is universal if 
and only if i?(G, V) represents the functor Fy in the sense that Fy is naturally isomorphic to the 
Hom functor Hom^^ (i?(G, V),—). 

Note that the above definition of deformations can be weakened as follows. Given a lift (Af , 0) 
of V over a ring f? in C, define the corresponding weak deformation to be the isomorphism class of 
Af as an f?G-module, without taking into account the specific isomorphism (j) : k Af — > V. In 
general, a weak deformation of V over R identifies more lifts than a deformation of V over R that 
respects the isomorphism (/> of a representative {M,(p). However, if the stable endomorphism ring 
End /,g(y) is isomorphic to k, these two definitions of deformations coincide (see [3, Remark 2.1]). 

By [36] , every finitely generated /cG- module V has a versal deformation ring. Since G is a finite 
group, we have the following sufficient criterion for the universality of i?(G, V): 

Proposition 2.1. ([5, Prop. 2.1]) Suppose V is a finitely generated kG-module whose stable endo- 
morphism ring End ^.q{V) is isomorphic to k. Then V has a universal deformation ring R{G,V). 

3. BRAUER'S GENERALIZED DECOMPOSITION NUMBERS 

In this section, we give a brief introduction to Brauer's generalized decomposition numbers, 
emphasizing the results needed in this paper. Throughout this section, let p be a fixed prime 
number and let G be a finite group such that p divides #G. Let P be a fixed Sylow p-subgroup of 
G. 

Brauer introduced generalized decomposition numbers in [11] to be able to express the values 
of the ordinary irreducible characters of G on all conjugacy classes by means of the irreducible 
p-modular characters of certain subgroups of G. More precisely, let g G G and write g (uniquely) 
as g = uv where u is a p-element of order and w is a p-regular element in the centralizer Cg{u) 
(where we allow m or w to be identity elements). Let IBr(GG(u)) denote the set of distinct irreducible 
p-modular characters of Gg(u). By 11, Sect. 1], if x is an ordinary irreducible character of G then 



4 



FRAUKE M. BLEHER 



we have a formula 



(3.1) x{uv)= 4?X^) 

VeIBr(CG(«)) 

where the numbers dj^^^, ip € IBr(CG(M)), are algebraic integers in the field of p"-th roots of 
unity which do not depend on v. These are called the generalized decomposition numbers of G 
corresponding to u and x- 

If u = 1g, then the generalized decomposition numbers corresponding to u are the usual decom- 
position numbers, which are non- negative integers, and p.ip is the usual formula for the restriction 
to p-regular elements of an ordinary irreducible character x in terms of an integral combination of 
the irreducible p-modular characters of G = Cg(1g). 

We can use these generalized decomposition numbers to express the ordinary character table of 
G as the product of two square matrices as follows. Recall that we fixed a Sylow p-subgroup P of 
G. Let uq, ui . . . ,Uh he a complete system of representatives of G-conjugacy classes of p-elements 
in G with uq = Iq and Ui G P for all 1 < i < /i. For each < i < h, let . . . , fi.^i be 
a complete system of representatives of Gg (Mi)-conjugacy classes of p-regular elements in Cc{ui) 
with Vi^i = 1g- Then {uiVij \ < i < h,l < j < £i} is a complete set of representatives of the 
conjugacy classes of G. Moreover, for each < i < h, there are precisely £i irreducible p-modular 
characters of Cciui), which we denote by ipi,i, . . . ,ipi^i^. Let {xi,...,Xc} be a complete set of 
representatives of the ordinary irreducible characters of G. Then Brauer's above formula p. II) can 
be written as 

(3-2) Xs{uiVi^j) = 'P^A'^i,]) 

t=i 

for all 1 < s < c, < i < /i, I < j < ii, where ^ = dxs'vi * ^^r all 1 < i < Write the conjugacy 
class representatives in the order 

uoVo,i, . . . , uoWo,^o,Miwia, • ■ • ,uivi^e^, . . . ,UhVh,i, ■ ■ . ,UhVh,i^- 

Using (|3.2p . we obtain that the ordinary character table X can be written as a product X — A ■ ^, 
where A contains the generalized decomposition numbers and $ is a block diagonal matrix 



(3.3) $ 
with 



$0 
$h 



for all < i < /i. By [121 Sect. 7, p. 45], the square of the determinant of A is ±p" for some 
a S Z"*", and the square of the determinant of $ is an integer which is relatively prime to p. 

Fix now a p- modular block S of G and suppose that there are k{B) ordinary irreducible characters 
belonging to B. Reorder xi, . . . , Xc such that xi, ■ • • , Xk(B) belong to B. For each < i < h, reorder 
ipi^i . . . , ifij- such that the first rn; characters, fi^i, ■ ■ ■ , 'Pi,mi , are precisely the irreducible p-modular 
characters belonging to blocks of Cciui) whose Brauer correspondents in G are equal to B. (Note 
that for each block b of Cciui), its Brauer correspondent b'^ in G is well-defined since the centralizer 
in G of a defect group of b is contained in Cciui), see [U Sect. 14].) It follows from [T2j Sect. 6] 
that for 1 < s < k{B), (|3.2p can be rewritten as 



(3-4) Xs{utV,^j) = dl t if^A'"^,]) 
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for all < i < /i, 1 < j < ^i. In particular, we obtain for all < i < h that 



(3.5) XB,^ = 



= As,, • 



where 

/ dl, ■ ■ ■ diV. • • • 

^B,^ = ; ; ; ; 

V ' ' ' ^fc(B),mi ^ " ' ^ 

and we assume, as above, that ipi^i . . . , fi^mi are precisely the irreducible p-modular characters 
belonging to blocks of Cciui) whose Brauer correspondents in G are equal to B. 

Let now k be an algebraically closed field of characteristic p and view _B as a block of kG. Let 
W = W{k) be the ring of infinite Witt vectors over k and let F be the fraction field of W. In 
particular, W contains all roots of unity of order not divisible by p. Let F be a fixed algebraic 
closure of F, and let ^ be a root of unity in F whose order is a power of p such that is 
a splitting field for G. Then W[£] is the ring of integers of -F(^), and we can view the ordinary 
character table X of G and the matrix A of generalized decomposition numbers as taking values 
in W[£], and the matrix $ in (I3.3P as taking values in W. Since the square of the determinant of 
$ is an integer that is relatively prime to p, it follows that the determinant of $, and hence the 
determinant of $i for all < i < /i, is a unit in W. Hence we can solve p.Sp for A^ ^ to obtain 

(3.6) As,, = Xb. ■ 

for all < z < ^, where — is a matrix with values in W. In particular, (13.61) shows that if 
we reduce our discussion to a single block B then we can replace ^ by a p-power order root of unity 
^ in F such that all ordinary irreducible characters of G belonging to B are realizable over F(C), 
i.e. they correspond to absolutely irreducible F(C)G-modules. 

Remark 3.1. Equations p.ip and p.4p can be rewritten to refiect the infiuence of fusion of P- 
conjugacy classes in G (see [Ml Sect. 1]). As before, let m be a p-element of G and let v be 
a p- regular element in Gg{u). Assuming the notation of the previous paragraph, let x be an 
irreducible F(^)-character which belongs to a block B of kG. Recall that a subsection {y,by) for B 
is a pair consisting of a p-element y of G and a block by of Gciy) with by = B. We obtain 

(3.7) xiuv) = ^ 4i Vi^y^^y') 

(y,by) yeIBr(b„) 

where (y, by) ranges over a system of representatives for the conjugacy classes of subsections for B 
such that y is conjugate to u in G, say u = Zy^yzy. For each {y, by), (p ranges over the irreducible 
p-modular characters associated with by. 

Definition 3.2. Let k be an algebraically closed field of characteristic p, let W be the ring of infinite 
Witt vectors over fc, and let F be a fixed algebraic closure of the fraction field F of W. Suppose 
B is a block of kG and that Z? is a defect group of B. Let ^ e F be a root of unity of p-power 
order such that all ordinary irreducible characters of G belonging to B are realizable over F(C). 
In particular, the ordinary (resp. p-modular) characters belonging to B can be viewed as taking 
values in W[(] (resp. W). Suppose V is an indecomposable fcG-module whose stable endomorphism 
ring is isomorphic to k and which belongs to B. We say V is maximally ordinary if the p-modular 
character of V is the restriction to the p-regular elements of an ordinary irreducible character x 
such that for every a £ D oi maximal p-power order there exists an irreducible p-modular character 
if of Gg(ct) such that ^ {0,±1}. 
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4. Tame blocks 



For the remainder of this paper, we make the following assumptions: 

Hypothesis 4.1. Let k be an algebraically closed field of positive characteristic p, let W — W{k) 
be the ring of infinite Witt vectors over k, let F be the fraction field of F, and let F be a fixed 
algebraic closure of F. Suppose G is a finite group, i? is a non-local block of kG of infinite tame 
representation type, and I? is a defect group of B of order p". Let C be a primitive p"~^-th root of 
unity in F. 

It follows from [lOj [ITj [29] that p = 2, n > 2, and D is dihedral, semidihedral or generalized 
quaternion. In particular, n > 2 if Z) is dihedral, n > 3 if D is generalized quaternion, and n > 4 
if D is semidihedral. Moreover, Brauer and Olsson proved that all ordinary irreducible characters 
of G belonging to B take values in F{() (see TF, Prop. (7D)], W, Prop. (5A)] and |37l Prop. 
4.1]). In fact, all ordinary irreducible characters of G belonging to B can be realized by simple 
i^(C)G-modules (see Section [5]). 

Assume Hypothesis 14.11 By [16l [37] , it follows that there are at most three isomorphism classes 
of simple B-modules. From Erdmann's classification of all blocks of tame representation type in 
[27], it follows that the quiver and relations of the basic algebra of B can be given explicitly and 
that, up to Morita equivalence, there are 24 families of blocks B. 

Using |24[ [26] [27] [30] . we now give a description of these families as follows. By [27l pp. 294- 
306], there are 12 possible quivers Q which can occur for basic algebras of dihedral, semidihedral 
or quaternion type: 2A, 2B, 3A, 3B, 3C, 32?, 3J", SH, 3/C, 3£, 3Q, 3TZ. For each such quiver Q, we 
combine Erdmann's results in [26] [27] and [30] Prop. 4.2] with Eisele's results in [24] to provide the 
most accurate description of a full set of representatives of basic algebras A = kQ / / for the Morita 
equivalence classes of blocks B as in Hvpothesis 14.11 with Ext quiver Q. 

We also provide the decomposition matrix for each block B. For better readability, all decompo- 
sition matrices appear at the end of the paper. As will be discussed in Section [5] B always contains 
exactly 4 ordinary irreducible characters of height and, unless D is quaternion of order 8, exactly 
2"'"^ — 1 ordinary irreducible characters of height 1. If D is quaternion of order 8, B contains exactly 
3 ordinary irreducible characters of height 1. If _B is generalized quaternion or semidihedral, there 
may be additional ordinary irreducible characters of height n — 2. In the decomposition matrices, 
we list first the 4 ordinary irreducible characters of height 0, then the family of 2"^^ — 1 ordinary 
irreducible characters of height 1, and then the ordinary irreducible characters of height n — 2 if they 
exist. Note that the family of 2"~^ — 1 characters of height 1 all define the same Brauer character 
on restricting to the 2-regular conjugacy classes of G. If i? has three isomorphism classes of simple 
modules, we moreover order the ordinary irreducible characters according to the sign conventions 
described in JS, Thm. 5] and 3T, Thms. 4.10, 4.11 and 4.15]. 

To distinguish between different defect groups, we use the notation D{Q) (resp. SD((5), resp. 
Q{Q)) to mean that A — kQ/I is Morita equivalent to a block B with dihedral (resp. semidihedral, 
resp. generalized quaternion) defect groups. 

4.1. Blocks with quiver 2A. 



By [24] and [27] p. 294], if B has dihedral defect groups and Ext quiver 2 A, then B is Morita 
equivalent to D{2A) — k[2A]/Ii:,(^2A) where 



The corresponding decomposition matrix is given in Figure [T] 

By [27] p. 298], if B has semidihedral defect groups and Ext quiver 2 A, then there exists 
c £ k such that B is Morita equivalent to either SD(2^)i(c) — k[2A]/ Isi:){2A)i,c or SD(2^)2(c) = 



2A 




Id(2A) = (^7,a^, (7/3a)^ 



("7/5)'"")- 



BRAUER'S WORK AND UNIVERSAL DEFORMATION RINGS 



7 



k[2A]/hTi{2A)2,c where 

4d(2^)i,c = (a^ -c(7/3a)2"-^/37/3-/3a(7/3a)2"-^-l,7/37-a7(/3a7)2"-^-^ 
a(7/3a)2"-'), 

/sD(2^)„c = (/37, - 7/5(«7/3)^""-i - c(7/3a)2"-^ (7/3a)2"-^ _ (a7/3)2""'). 

The decomposition matrix for SD(2^)i(c) is given in Figure [H and the decomposition matrix for 
SD (2^1)2(0) is given in Figure [TJ 

By [271 P- 303], if B has generahzed quaternion defect groups and Ext quiver 2 A, then there 
exists c e such that B is Morita equivalent to Q(2yl)(c) = k[2,A\/ Iq{^2A),c where 

lQi2A),c = (^2- 7/3(^7/3)2"-^^ -i-c(a7/3)2"",/37/3-/3a(7/3a)'""'-\ 
7/37 ~ Q:7(/3a7)2" ~-^,/3a2). 

The decomposition matrix for Q(2yl)(c) is given in Figure [2l 



4.2. Blocks with quiver 2B. 

/3 1 



2B 



By [24] and [27l p. 295], if S has dihedral defect groups and Ext quiver 2B, then B is Morita 
equivalent to D(2S) = fc[2S]//D(2e) where 

-^D(2B) = {-nP, IV, 1^1, a^nl^a - a-fl3, rf" ' - /3a7). 

The corresponding decomposition matrix is given in Figure |31 

By [261 Lemmas (8.11) and (8.15)], l2Ij p. 299] and [30l Prop. 4.2], if B has semidihedral 
defect groups and Ext quiver 2i3, then there exists c G fc such that B is Morita equivalent to either 
SD(26)i(c) = fc[26]//sD(2f5)i.c or SD(2S)2(c) = fc[2e]//sD(26)3,c or SD(26)4(c) = fc[2S]//sD(2r?)4.c 
where 

-fsD(2B)i,c = (??/3,7'?,/37,a^-7/3-ca7/3,7/3a-a7/3,772" '-/3a7), 
-^SD(2B)2,c = (77/3 - /3a(7/3a),777 - a7(/3a7),a2 - c(7/3a)2,^7 - 772" "-1^ 
772/3,7772), 

^SD(2B)4,c = (777 - a7, /3a - r//3, Q!2" '+\ry2" '+i^^q:2" '-i,a2" =^-1^^ 

^,^2"--1^^2"--l^^^^_^2^^^_^2(i+^,^2"--2)^. 

The decomposition matrix for SD(2S)i(c) is given in Figure [3l the decomposition matrix for 
SD(2Z?)2(c) is given in FigurejH and the decomposition matrix for SD(2;B)4(c) is given in FigureO 
By ,27, IX. 4.1 and pp. 303-304], if B has generalized quaternion defect groups and Ext quiver 
2S, then there exists c G fc, respectively p{t) G k\t] with p(0) — 1 and a,c £ k with a ^ 0, such that 
B is Morita equivalent to either Q(2S)i(c) = k[2B]/ Iq(^2B)i,c or Q(2S)2(p, a, c) = fc[2S]//Q(2B)2,p,a,c 
where 

-^Q(2e)i,c = (77/3 - /3a(7/3a), 777 - a7(/3a7),a2 - 7/3(a7/3) - c(a7/3)2, 
/37-ry2"-^-i,/3a2), 
-fQ(2B)2,p,a,c = (7^ - "7, /3a - '7^, a2"-'+i, 772"-'+!, /3a2"~'-i^ 0,2—^-1^^ 
jI3 — p{a)a^ , l3j ~ p{'r])rj'^ ~ arj'^ ~^ — erf ). 

The decomposition matrix for Q(2S)i(c) is given in Figure |31 and the decomposition matrix for 
Q(2;B)2(p, a, c) is given in Figure [5] Note that by [37l Lemma 3.3], Q(2S)2(p, a, c) can actually not 
occur as a block. 
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4.3. Blocks with quiver 3A. 

P s 



3A 



By [27l IX. 5. 4 and p. 295], if B has dihedral defect groups and Ext quiver 3^1, then B is Morita 
equivalent to D(3^)i = fc[3^]//D(3^)i where 

lDi3Ah = hf3,Sr^,{v5p^f"'" - (/37'7^)2""). 

The corresponding decomposition matrix is given in Figure [51 

By [371 IX. 5. 3 and pp. 299-300], if B has semidihedral defect groups and Ext quiver 3^1, then 
B is Morita equivalent to SD(3yl)i — fc[3^]//sD(3.A)i where 

The decomposition matrix for SD(3^)i is given in Figure [71 

By [17, IX. 5. 2 and pp. 304-305], if B has generalized quaternion defect groups and Ext quiver 
3^, then B is Morita equivalent to Q{3A)2 — ^ [3-4] //q (3^)3 where 

lQ{3Ah = (/37/3-^/'5/3(777<5/3)2^'"^'-i, 7/37 -7r;,5(/37775)2"-^-i, 5/37/3, 

The decomposition matrix for Q(3,4)2 is given in Figure O 
4.4. Blocks with quiver 3B. 



1/305 



7 V 



By [23 IX. 5. 4 and pp. 295-296], if B has dihedral defect groups and Ext quiver 3B, then B is 
Morita equivalent to D(3;B)i = k[3B]/ Iu{3B)i where 

Iui3B)i = Wa, aj, 7/3, ^77, 775^7 - PjriS, a^" ' - "frjSiS) . 

The corresponding decomposition matrix is given in Figure [HI 

By [27l p. 300], if B has semidihedral defect groups and Ext quiver 3B, then B is Morita 
equivalent to either SD(3S)i = k[3B]/IsB{3B)i or SD(3S)2 = k[3B]/IsB{3B)2 where 



'SD(3e)i 

IsB{3B)2 = (f^??, 7/3 - a^" '"\q;7 - 777(5(/3777(5),/3q;- 77(5/3(777(5/3)). 



The decomposition matrix for SD(3,B)i is given in Figure fTOl and the decomposition matrix for 
SD(3;B)2 is given in Figure [TTl 

By [27l p. 305], if B has generalized quaternion defect groups and Ext quiver 3B, then B is 
Morita equivalent to Q{3B) = fc[3S]//Q(3j5) where 

-fQ(3B) = (7^-a^" ''~\q;7 - 7775(/3777(5),/3q; - 77(5^(777(5/3), (577(5 - (5/37(7^(5/37), 
rjSr] — I3^ri{5l3^ri), jSa^ , SrjSp). 

The decomposition matrix for Q(3,B) is given in Figure [T2l 
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4.5. Blocks with quiver 3C. 

P s 
3C = 1 • - — ^ • - — ^ • 2 

7 V 
P 

By [m VI.5] (resp. by [HI IX.5.3 and p. 305]), there are no blocks B with dihedral (resp. 
generalized quaternion) defect groups that have Ext quiver 3C. 

By [371 IX.5.3 and pp. 300-301], if B has semidihedral defect groups and Ext quiver 3C, then B 
is Morita equivalent to either SD(3C)2,i = ^[3C]//sd(3C)2 i SD(3C)2,2 — fc[3C]//sD(3c)2 ^ where 

4d(3C)2,i = (p^,'5p,p?7,7p,^7-77(5, (/37)2 -p2" \Sl3j(3,jrj6rj), 
77y(5?7)2" '-!). 

The decomposition matrix for SD(3C)2.i is given in Figure [T51 and the decomposition matrix for 
SD(3C)2,2 is given in Figure UM 

4.6. Blocks with quiver 31?. 

32? = a ( • Z — ^ • Z — ^ • ) ? 

By [m IX.5.1, IX.5.4 and p. 296] (resp. by ^ IX.5.1 and p. 306]), there are no blocks B with 
dihedral (resp. generalized quaternion) defect groups that have Ext quiver 31?. 

By [571 P- 301], if B has semidihedral defect groups and Ext quiver 31?, then B is Morita 
equivalent to SD(3I?) = fc[32?]//sD(3-D) where 

IsBisv) = 0, Srj, 7/3 - a^" 07 - 777^, 13a - r]d/3, - Sl3-fri). 
The decomposition matrix for SD(3I?) is given in Figure [TOl 

4.7. Blocks with quiver 3 J". By [27i VI.5] (resp. by [27, VII.4]), there are no blocks B with 
dihedral (resp. generalized quaternion) defect groups that have Ext quiver 3J-. By ^^T", IX. 5. 2 and 
p. 301], there are also no blocks B with semidihedral defect groups that have Ext quiver 3J^. 

4.8. Blocks with quiver 3H. 




By [371 VI.5] (resp. by [171 VII.4]), there are no blocks B with dihedral (resp. generalized 
quaternion) defect groups that have Ext quiver 3H. 

By [27l p. 301], if B has semidihedral defect groups and Ext quiver 37i, then B is Morita 
equivalent to 80(3^)1 = k[3'H]/IsD{3H)i or 80(3^)2 = fc[3H]//sD(3-H)2 where 

4d(3«)i = (A5-7/?7,/?A-?7('5??)^""'"\ '7(5/3,^/37, 7'?), 

IsDisnh = (A<5-7(/37)2"-^-i,/3A-r;<5r?,,7<5/3,5/37,7'?)- 
The decomposition matrix for 80(3^)1 is given in Figure [TSl and the decomposition matrix for 
SD(3?^)2 is given in Figure [H 
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4.9. Blocks with quiver 3/C. 



3/C 



2 

By [27l IX. 5. 2 and p. 302], there are no blocks B with semidihedral defect groups that have Ext 
quiver 3/C. 

By [27l p. 296], if B has dihedral defect groups and Ext quiver 3/C, then B is Merita equivalent 
to D(3/C) = A:[3/C]//d(3x;) where 

Id(3IC) = {SP, A(5, /3A, K7, t^k, 777, 7/? - Ak, kA - ((5?7)^" ' , {-qdY' - h)- 

The corresponding decomposition matrix is given in Figure 1171 

By [23 p. 306], if B has generalized quaternion defect groups and Ext quiver 3/C, then B is 
Morita equivalent to Q(3/C) = /c[3/C]//q(3k;) where 

iQCiK) = ((5^ - kAk, 777 - AkA,A(5- 7/37,77^-/37/3, /3A-77((57y)2" '-1, 
The decomposition matrix for Q(3/C) is given in Figure fTSl 

4.10. Blocks with quivers 3C, 3Q or 37^. By [HI VIII.2.0] (resp. by [HI VII.4]), there are no 
blocks B with semidihedral (resp. generalized quaternion) defect groups that have Ext quivers 3>C, 
3Q or 37?.. By '27, IX. 5. 4], there are also no blocks B with dihedral defect groups that have Ext 
quivers 3£, 3Q or 37?.. 

5. Ordinary characters belonging to tame blocks 

Assume Hypothesis 14.11 In particular, p — 2, n > 2, and D is dihedral, semidihedral or general- 
ized quaternion. 

For 2 < £ < n— 1, define Q = C^" , so that Q is a primitive 2^-th root of unity. It follows from 
[T51 Sect. VII], [ini [37] and [15] (see below) that every ordinary irreducible character of G which 
belongs to B is realizable over F{C,), i.e. it corresponds to an absolutely irreducible i^((^)G-module. 
In particular, if we are only interested in the ordinary irreducible characters of G belonging to B, 
we can replace ^ in the paragraph before Remark 13.1 1 bv C. 

In [16] (resp. [37]), the ordinary irreducible characters of G belonging to B were analyzed if 
7^ > 3 and D is dihedral (resp. semidihedral or generalized quaternion). In the notation of |16[ 
Sect. 4] (resp. [37] Sect. 2]), this means that we are either in Case (aa) or in Case (ab) or (ba), 
see [MJ Thm. 2] (resp. [ST] Thms. 3.14-3.17]). Note that Case (ba) can only occur when D is 
semidihedral. In particular, in Case (aa) (resp. Case (ab) or (ba)) there are precisely three (resp. 
two) isomorphism classes of simple B-modules. 

Remark 5.1. (a) If D is dihedral of order 4, i.e. n = 2, it follows from 125^ that B is Morita 
equivalent to either D(3yl)i or D(3/C). Moreover, there are precisely 4 ordinary irreducible 
characters belonging to B and they all have height 0. In the decomposition matrices in 
Figures [6l and flTl these characters are Xi: X2, X3: X4- By [TF, Prop. (7D)] and |28^, it follows 
that all these characters are realizable over F, i.e. they correspond to absolutely irreducible 
i^G-modules. 

(b) If D is quaternion of order 8, i.e. n = 3, it follows from [371 P- 220 and Thm. 3.17] that 
we are in Case (aa) and that there are precisely 4 (resp. 3) ordinary irreducible characters 
of height (resp. 1 = n — 2) belonging to B. Moreover, B is Morita equivalent to one of 
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the algebras in {Q(3^)2, Q{3B), Q(3/C)} and in the decomposition matrices in Figures [8l fT2l 
andlTSl the ordinary irreducible characters of height (resp. 1) are 

Xi,X2,X3,X4 (resp. X5a,X6,X7)- 

By [371 Prop. 4.2] and PF, all these characters are realizable over F, i.e. they correspond 
to absolutely irreducible FG-modules. 
(c) If D is not quaternion of order 8, then there are precisely 4 (resp. 2"^^ — 1) ordinary 
irreducible characters of height (resp. 1) belonging to B. If D is dihedral, these are all 
ordinary irreducible characters belonging to B. If D is scmidihedral, there is (resp. 1) 
additional ordinary irreducible character of height n — 2 belonging to B if we are in Case 
(ab) (resp. Cases (ba) or (aa)). If D is generalized quaternion of order > 16, there are 1 
(resp. 2) additional ordinary irreducible characters of height n — 2 belonging to B if we are 
in Case (ab) (resp. Case (aa)). In the decomposition matrices in Figures [THl8l the ordinary 
irreducible characters of height (resp. 1) are 

Xi, X2, X3, X4 (resp. Xb.i for 1 < i < 2"-^ _ i)^ 

whereas the ordinary irreducible characters of height n — 2 are xe or X6i XVj provided they 
exist. 

Let n > 3, and let a be an element of order 2"^^ in D. By [ini [37], there exists a block b„ 
of kCaic) with b^ ^ B which contains a unique irreducible Brauer character ip^'^^ such that the 
following is true. There is an ordering of (1,2,..., 2""^ — 1) such that for 1 < i < 2""'^ — 1, the 
generalized decomposition number of G corresponding to cr, X5,i ^^rid i/?^'^-* has the form 



(5.8) d 



C* + C ' if -D is dihedral or generalized quaternion, 
or if D is scmidihedral and i is even, 

— if D is scmidihedral and i is odd with i < 2"^^ — 1, 

C^* — if D is scmidihedral and i is odd with i > 2"^'' + 1. 



Note that the formulas in (|5.8p for D scmidihedral and i odd follow since the D-conjugacy classes 
of elements of order 2"^^ in D are represented by 

If D is quaternion of order 8, we have that = C + C^^ = for x G {x5,i: Xe, X?}- 

For 2 < ^ < n — 2 define — Q + C7^' ^^"^ define 

if D is dihedral or generalized quaternion, 
if D is scmidihedral. 



(5.9) 




Note that W contains all roots of unity of order not divisible by 2. Hence by [THl [37j and by [55], 
the ordinary irreducible characters of height or n — 2 belonging to B correspond to simple FG- 
modules. On the other hand, the characters X5,i7 « = 1, . . . , 2"^^ — 1, fall into n — 2 Galois orbits 
C2, • ■ ■ , On-i under the action of Gal(F(i/„_i)/F). Namely for 2 < ^ < n - 1, 

Oi = {x5,2"-i-^(2u-i) I 1 < < 2'-^}- 

The field generated by the character values of each S Oe over F is F{yg). Hence by [28], each 
corresponds to an absolutely irreducible F{vi)G-mo<lvi\e Xg. By [3T1 Satz V.14.9], this implies that 
for 2 < £ < n—1, the Schur index of each ^£ e Og over F is 1. Hence we obtain n — 2 non-isomorphic 
simple i^G-modules V2, . . . , Vn-i with characters p2, ■ ■ ■ , Pn-i satisfying 

2^-2 

(5.10) pt^ J2 X5,2-i-^(2«-i) for 2 < ^ < n - 1. 
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By [31] Hilfssatz V.14.7], EndFclVf) is a commutative F-algebra isomorphic to the field generated 
over F by the character values of any £ Oi. This means 

(5.11) EndpGiVi) ^ Five) for 2 < £ < n - 1. 

Suppose ui, . . . , t;/(cr) form a complete system of representatives of Cg (cr)-conjugacy classes of 
2-regular elements in Cg{<^) with vi = Iq. By p. 61) . for all 1 < z < 2"^^ — 1, the generalized 
decomposition number of G corresponding to X5,i7 ^-^id Lp^""^ can be written as a VF- linear combi- 
nation of X5,j(o-ui), . . ■ ,X5,i(crwi('^))' say 

(5-12) ^xfi.v'"' " •X5,i(CT-yi)H hw)/(^) • X5,i(CTW;(^)) 

for certain ?Zii, . . . , wi(^„) G W^. 

By [TBJ Thm. 5] and [37[ Prop. 4.6], the characters Xb,i have the same degree x and they are all 
of height 1 for 1 < i < 2"-^ „ i. Hence x = 2'^-"+ia;* where #G ^ 2'' ■ g* and 2;* and g* are odd. 
Since the centralizer Cg{c) contains (cr), we have ^Ccicr) — 2"~^ • 2^ • m* where 6 > and to* is 
odd. 

For 1 < j < l{cr), let Cj be the conjugacy class in G of avj, and let t{Cj) e VFG be the class sum 
of Cj. Since for all j, the centralizer Caicrvj) contains (tr), we have ^Caicrvj) = 2"~^ • 2^^ • m* 
where 6^ > and to* is odd. We want to determine the action of t{Cj) on for 2 < £ < n — 1. For 
this, we identify EndFG(^) — Fl^i) with EndF{i^i)Gi^i) for one particular absolutely irreducible 
F(z/^)G-constituent Xi of Vi with character (^g. Using (|5.10l) . we choose ^£ = X5,2"-i-*- Then for 
2 < £ < n — 1, the action of t{Cj) on Vi is given as multiplication by where 

(5.13) f^AD - |§ • eKa«,) = 2-"^-^^ . CK'x^^,)- 

For 1 < j < define Wj = 2''^ "'^.^ w.,-. Then € since g* is odd, and Wj does not depend 
on £. By dEH]) and ([CT)) . 

Therefore, ((5?T2t and ((5?T3)) imply that 

(5.14) I/£ = . ^i(^) H h Wi(cr) ■ 

where wi, . . . , € are independent of ^ G {2, . . . , n — 1}. 

Remark 5.2. If i? is a principal block, the above formulas simplify considerably due to the fact that 
there is very little fusion of iD-conjugacy classes in G in this case. More precisely, following Brauer's 
arguments in (TSj Sect. VII], suppose Z? is a Sylow 2-subgroup of G and let S = {a). If is not 
in the center of D, then 5* is a Sylow 2-subgroup of Gg{o'^)- Hence if cr"^ and cr'' are conjugate in 
G, we can use Sylow's theorems to see that they are conjugate in Ng{S). Since Ng{S)/Gg{S) is 
a 2-group, it must be of order 2. Thus Ng{S) is generated by D and Gg{S), which implies that 
cr'*' and cr^ are conjugate in D. Using p.7p together with [16, Prop. (4A)] and |371, Prop. 2.10], we 
obtain that 

(5.15) X5,.(^)=<^,^(., <^(^H1g) 

where (/?*^°'-' is as in (|5.8p . Moreover, since (^'^'^^ is the unique Brauer character belonging to the block 
ba of fcGG(cr) satisfying — B, it follows by Brauer's Third Main Theorem (see e.g. [1] Thm. 
16.1]) that ba- is the principal block of kCG{cr), which implies that is the trivial character of ba- 
Putting (|5.15p into (|5.13p for j — I therefore implies that if a; = 2''^ , which lies in W, then 
for all 2 < £ < n - 1 

ui = d^'^^ = uj ■ iii(£). 

Note that in [3] Sect. 3.4], 4, Sect. 5] and Sect. 3.2], it was assumed that the formula (I5.15P 
was also true for non-principal blocks. However, this may not be true since there could be more 
fusion of -D-conjugacy classes in G in this case. More precisely, let F be a full set of representatives 
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of Z?-conjugacy classes of the elements of the set {a^ \ r odd}, and let be the set of all y e F 
which are conjugate to a in G. If B is not principal, then \Ya-\ may be strictly greater than 1. By 
[TBI Prop. (4A)] and 37, Prop. 2.10], the set {{y,ba) \ y & Y^r} is a system of representatives for 
the conjugacy classes of subsections for B such that y is conjugate to cr in G. Hence it follows from 
Remark |3. II that for non-principal blocks B, (|5.15p has to be replaced by the formula 

Definition 5.3. Use the notation introduced above, and in particular (j5.9p . Assume n > 3. 

(i) Define 

£=2 

and let R' = W[[t]]/ {q„{t)). 

(ii) Let Z = (cr), so that Z is a cyclic group of order 2"^^ > 2. Let r : Z — ^ Z be the 
group automorphism which sends cr to a^^ if D is dihedral or generalized quaternion, and 
which sends cr to cr^^+^" ' if Z) is semidihedral. Then r can be extended to a VF-algebra 
automorphism of the group ring WZ which will again be denoted by t. Let T{a'^) — 
l + a"^ +a'^ A h cr^""'"^, and define 

S' = {WZ)'^^'' / {T{(j^),<7T{cj'')) . 

Remark 5.4. The minimal polynomial min.pol.^(i/£) for 2<i!<n — lisas follows: 

min.pol.j;.(i^2)(i) = t, 

min.-po\. p{yi){t) — min.pol.^(f^_i)(t^ — 2) for 3 < ^ < n — 2, 

{min.pol.^(i^„_2)(t^ — 2) if _D is dihedral or 
generalized quaternion, 
min.pol.j7(z^„_2)(^^ +2) if D is semidihedral. 

The VK-algebra R' from Definition 15. 31 is a complete local commutative Noetherian ring with residue 
field k. Moreover, 

Ti-l 

F ®w R = W^ F{i'i) as i^-algebras, 

1=2 

k®wR' = k[t]/{t^" ^"^) as /c-algebras. 

Additionally, R' is isomorphic to the M^-subalgebra of n"=2^ W[vf] generated by the element (t'£)"^2^. 

Lemma 5.5. Using the notation of Definition [5751 tliere is a continuous W -algebra isomorphism 
h : R' S' with h(t) = a + T(cr). In particular, R' is isomorphic to a subquotient algebra of the 
group algebra WD. 

Moreover, if D is dihedral or semidihedral, then the ring W[[t]\/ (t qn{t), 2 qn{t)) is also isomorphic 
to a subquotient algebra of the group algebra WD. 

Proof. If D is dihedral or generalized quaternion, this follows from [HI Lemma 2.3.6] and [¥[ Lemma 
5.3]. 

For the remainder of the proof, assume that D is semidihedral (in particular, n > 4). Let 
J = cr^" ^ so that r(cr) — Ja~^. Note that {WZ)^^'> is generated as a l¥-algebra by (cr + Jcr^^) 
and J. Moreover, [WZ)^'^^ is a free VF- module of rank 2"~^ + 1 with VF-basis given by 

(a±i + JaTi), (a±3 + JaT3), . . . , (a±(2"-^'-i) + JaT(2"-^-i)), 
^ ■ ^ 1, J, (a2 + (a^ + . . . , (a2"-^-2 + a-f^"-^-^)). 



14 



FRAUKE M. BLEHER 



Note that the VF-sugbalgebra of iWZ) ^'^^ generated by (cr + Jcr ^ ) is a free VK-niodule of the same 
rank 2"~^ + 1 and with almost the same PF-basis as in (|5.16p except that J must be replaced by 
2 J. It follows that S' = [W Z)^''^ / [T {a'^) , aT {a"^)) is generated as a W^-algebra by the image of 
((T + JcT^^) in S' . Hence we have a surjective VF-algebra homoniorphism 

/ : W[[t]] ^ 5' = {WZ)^^)/ {T{a% aT{a^)) 

sending t to the image in 5' of <t + Ja^^ = (T + t((t). Using the injective VF-algebra homomorphism 

n-1 

L : WZ W xW x'^Y 

1=2 

^ ^ (l.-l , {Ci)Z2 ) 

it is straightforward to prove that there exists an odd integer Cn such that qn{a+Ja^^) — c„ a T{a'^). 
More precisely, C4 = 3 and c„ = 2c^_^ — 1 for n > 5. Thus qn{t) hes in the kernel of /. Since 
both R' = and 5' are free as W^-modules of the same rank 2"^^ — 1, it follows that 

R' = W[[t\]l{qn{t)) = S' as VF-algebras. 

To finish the proof of Lemma [5.5[ it sufltices to show that the ring — 2)q„(t)) is iso- 

morphic to a subquotient algebra of WD. Define 

Then Q is isomorphic to a subquotient algebra of WD and it is generated as a M^-algebra by 
the image of (a + Ja~^) in G. Moreover, is a free VF-module of rank 2"~^, since the ideal 
{T{(t^) — CTT(cr^)) is generated over W by T{(t^) — aT{a^). Define a surjective VF-algebra homo- 
morphism 6 : W[[i\] — )■ 9 by sending t to the image in of cr -I- Ja~^ = a + T(cr). Using the above 
calculations, we see that 

e{{t - 2) q„it)) = {{a + Ja-')-2)qr,{a + Ja-') 
= {{<j + Ja-^)-2)cnaT{a^) 
= 2c„ [T{a^) - aT{a^)] 

which is zero in Q. Hence {t — 2)g„(t) lies in the kernel of 9. Since both W^[[t]]/((t — 2)g„(t)) 
and Q are free over W of rank 2"~^, it follows that — 2) qn{t)) is isomorphic to Q, which 

completes the proof of Lemma 15.51 □ 

The following result gives a correction of [3] Lemma 5.4] and generalizes the corrected result to 
all tame blocks with at least two isomorphism classes of simple modules. 

Lemma 5.6. Assume Hvvothesis H.ll and use the notation introduced above, and in particular (|5.9|) . 
(I5.10|) and Definition \5.'S\ Assume n > 3. If D is quaternion of order 8, let U' be a WG-module 
which is free over W and whose F-character is either Xb,ij or xq, or X7- If D is not quaternion of 
order 8, let U' be a WG-module which is free over W and whose F-character is equal to 

n-1 2""^-l 
e=2 i=l 

(i) There exists a WG-module endomorphism a of U' such that the W -algebra W[q\ generated 
by a is isomorphic to R' . 

(ii) Suppose either that n^'i, or that n > 4 and EndkoiU' /2U') = R'/2R' and U'/2U' is free 
as a module for EndkciU' /2U') of rank deg(x5,i). Then EndwciU') = W[a] = R' and U' 
is free as a module for EndwcCt^')- 

Proof. Suppose first that n — Z. Then qn{t) — t and R' = W. Hence we can choose the WG- 
module endomorphism a of U' to be the zero endomorphism. Since U' is free as a VF-module and 
F ®w ^ndwaiU') = F^ndpaiF ®w U') F, it follows that EmlwciU') ^W ^ R'. 
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For the remainder of the proof, assume n > 4. We first construct a WG-module endomorphism 
a of U' as m part (i) of the lemma. As before, lei a £ D be an element of order 2"~^ and 
let {vi, . . . be a complete system of representatives of Cg (cr)-conjugacy classes of 2-regular 

elements in Cg(ct). For I < j < l{cr), let Cj be the conjugacy class in G of avj, and let t{Cj) £ WG 
be the class sum of Gj. 

Let 1 < j < l{cr)- Since t{Gj) lies in the center of WG, multiplication by t{Gj) defines a 
VFG-module endomorphism of U' . Since U' is free as a VK-modulc, EndwaiU') can naturally be 
identified with a VF-subalgebra of 

n— 1 n— 1 

F ®w EndwaiU') = EndpaiF U') ^ \{ EndpGiVt) = \{ F{vt). 

1=2 1=2 

Therefore, i(Cj) acts on U' as multiplication by a scalar Aj in the maximal W^-order n"=2^ W\y(\ 
in n"=2^ F[vii). Moreover, Aj can be determined from the action of t(Cj) on F ®w V = ©"^2^ Vt, 
which implies by (|5.13p that Aj = {p^jiPiTiZ^- By (|5.14l) . there exist elements wi, . . . , € W 
such that 

f£ = Wl • H V Wl(^^) ■ Mi(<T) W 

for 2 < ^ < n — 1. Define a to be the VFG-module endomorphism of U' given by multiplication by 
the element X]j=i ""^i K^j) i'^ the center of WG. Then a acts on [/' as multiplication by the scalar 
{'^e)eZ2 e n"=2 W^li'^]. which implies W[a] = i?' (see Remark EH). 

Let now IF = U' /2U' and suppose that EndkoiU') = R'/2R' ^ k[t]/{t'^"'^-^) and that IT 
is free as a module for EndkaiU' /2U') of rank x = deg(x5,i). Note that x — deg(x5,i) for all 
1 < i < 2"^^ — 1 and that dimpfy^^Vi = a; for all 2 < ^ < n — 1, which implies that F U' is a 
free module of rank x for Endive ®w U'). We have a short exact sequence of M^-modules 

Endiy(C/') — ^ Endvi/([/') Endfe(I7^) ^ 0. 

Considering the G-action on these modules, we obtain an exact sequence of T4^-modules 

(5.17) *-Endvi/G(t^') — ^EndvKG(C/') ^^^EndfcG(C^) (G, Endvi/ (?/')) • 

Because EndvyG(C^') is a T4^-submodule of the free H^-module Endvy(C/'), it follows that EndH'G(C^') 
is a free M^-module of rank 

dimi.(F ®w EndivG(C^')) = dimp EndpaiF ®w U') = 2""^ - I. 

Since by assumption dim^ EndfcG(C^') = dimfe(_R'/2i?') = 2"^^ — 1, it follows that (|5.17p induces a 
short exact sequence of M^-modules 

(5.18) ^ EudwG{U') — ^ YjndwciU') ^^^^ EndfcG(t^) ^ 0. 

Let /3 be a generator of EndfcG(C^') as a /c-algebra. By (|5.18p . there exists /3 G EndwaiU') whose 
induced fcG-module endomorphism of U' is equal to (3. Using Nakayama's lemma, we see that 
'EndwciU') — W[f5]. Since the maximal ideal mviA[/3] of W[I3] is generated by 2 and (3 and the 
maximal ideal Tnj,j-^j of k[l3] is generated by /3, it follows that 

where the latter has fc-dimension x — deg(x5,i) by assumption. By Nakayama's lemma, we can lift a 
fc-basis {si, . . . , Sj:} of U' /mw[p]U' to a set {si, . . . , s^:} of generators ofU' over W[f3] — EndwG(C^')- 
Because F(>^wU' is a free module of rank x for FindpG{F(>^wU') = -F^wEndvyGlC^'); it follows that 
si, . . . , Sx are linearly independent over EndwciU'). Hence U' is free as a module for FindwciU') 
of rank x = deg(x5_i). 

It remains to show that EndwciU') — W[a], i.e. we need to show W[a] — W[/3]. We identify 
both W[a] and W[I3] with M^-subalgebras of the maximal M^-order n"=2^ W[vi\ in n"=2^ F{vi) = 



16 



FRAUKE M. BLEHER 



F^w^^dwciU')- Since W[a] C W[P], there exists a polynomial q{X) e W[X] such that a — qiP). 
Because a is not a unit, the constant coefficient of q{X) must be divisible by 2. Write 

q{X) = 2ho + aiX + aaX^ + • • • + a^X'^ 

for certain ag, ai, . . . , € W and d > 1. Suppose ai = 2ai for some ai £ W. Consider the natural 
projection 

ri-l 

:Y[W[i^(]^WK-i], 

£=2 

and let m be the maximal ideal of W[i^n-i]- Since n > 4, either \/2 or V— 2 lies in m. Hence 2 e m^. 
Since 27r„_i(/3), 7r„_i . . . , 7r„_i(/3)'' all lie in m^, it follows that 7r„_i(a) G m^. However, we 
have seen that TTn-i{ct) = Vn-i ^ tn^. Hence ai is not divisible by 2. But then the fcG-module 
endomorphism a of ?7' which is induced by a has the form 

a ^ ai/3 + a2;3^ + • • • + a^/?'' 

where oi S fc* and a2, • • • jfld G fc- This means that k[a] — k[/3] — EndkoiU'), which implies by 
Nakayama's lemma that EndwciU') — W[a]. □ 

6. Universal deformation rings 

Assume Hypothesis 14.11 and the notation introduced in Section 2] and Section [5] In particular, 
p = 2, n > 2, and D is dihedral, semidihedral or generalized quaternion. In this section, we want 
to determine R{G, V) for any maximally ordinary fcG-module V in the sense of Definition 13.21 

We first determine all indecomposable fcG-modules V belonging to B whose stable endomor- 
phism rings are isomorphic to k and whose Brauer characters are restrictions of ordinary irreducible 
characters of height 1. By Remark IS.l) the ordinary irreducible characters of height 1 belonging to 
B are (using the notation from Section [5]): 

• none if n = 2, 

• X5.I7 X6, Xr if D is quaternion of order 8, and 

• X5.i for all 1 < i < 2"~^ — 1 if n > 3 and D is not quaternion of order 8. 

Lemma 6.1. Assume Hvvothesis H.li and assume n > 3. Let A = kQ/I be a basic algebra such that 
B is Morita equivalent to A. For each vertex j in Q, let Tj denote the simple B -module corresponding 
to the simple K-module belonging to j. Let V be an indecomposable kG-module belonging to B such 
that End ^,g(y) = k and such that the Brauer character of V is equal to the restriction to the 
2-regular conjugacy classes of an ordinary irreducible character of G of height 1. 

(a) Suppose D is quaternion of order 8. If Q ~ 3 A or Q ^ 3B then V is either isomorphic to Ti 
or T2, or V is a uniserial module of length 4 whose radical quotient or socle is isomorphic 
to Tq. If Q — 3/C then V is an arbitrary uniserial module of length 2. 

(b) Suppose D is not quaternion of order 8. 

(i) If Q = 2 A then V is a uniserial module with descending composition factors Tq,Tq,Ti, 

or Ti,ro,ro. 

(ii) If Q ^ 2B and B is Morita equivalent to neither SD(2S)4(c) nor Q{2B)2{p,a,c) then 

V is isomorphic to Ti. If B is Morita equivalent to SD(2S)4(c) or Q{2B)2{p,a,c) then 

V is a uniserial module with descending composition factors To,Ti, or Ti,Tq. 

(iii) IfQ = SA then V is a uniserial module with descending composition factors Tq, Ti, Tq, T2, 

2,To,Ti,To, or To, To, Ti, or Ti,Tq,T2,Tq. 

(iv) If Q £ {3S, 31?} then V is isomorphic to Ti. 

(v) If B is Morita equivalent to SD(3C)2.i then V is isomorphic to Tq. If B Morita equiva- 
lent to SD(3C)2,2 then V is indecomposable with descending radical factors To,Ti©T2, 
or Ti ® 72, To, or V is uniserial with descending composition factors Ti,Tq,T2, or 
r2,To,Ti. 
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(vi) If Q £ {SH, 3/C} and B is not Morita equivalent to SD{3'H)2 then V is a uniserial 
module with descending composition factors Ti,T2, orT2,Ti. If B is Morita equivalent 
to SD(3H)2 then V is a uniserial module with descending composition factors Tq^Ti, 
or Ti,To. 

Conversely, if V is as in (a) or (b), then EndfeG(^) — k and the Brauer character of V is equal 
to the restriction to the 2-regular conjugacy classes of an ordinary irreducible character of height 1. 
Moreover, Ext^Q(y, V) = if D is quaternion of order 8, and Ext^Q(V, V) k in all other cases. 

Proof. Lemma 16.11 is proved using the description of the basic algebra A = kQ //of the block B 
together with its decomposition matrix as provided in Section |4l To give an idea of the arguments, 
we discuss the case when A = SD(3yi)i in part (b)(iii). It follows from the decomposition matrix 
in Figure [7] that V is an indecomposable B-module with composition factors Tq,Tq,Ti,T2. Let ty 
(resp. sy) be the composition series length of the radical quotient (resp. socle) of V. lity — 3 then 

V has radical series length 2 and sy = 1. But then ^ is a submodule of a projective indecomposable 
B-module which is impossible for ty = 3- li ty — 2 then V has radical series length at most 3 and 
sy < 2. Using that Ext^(r,,Tj) is one-dimensional over k if {i,j) e {(0, 1), (0,2), (1,0), (2,0)} and 
zero otherwise, it follows that there are no indecomposable B-modules V with ty — 2 and radical 
series length 2. Analyzing Ext^(Ti^ © Ti2,V') for appropriate indecomposable i?-modules V of 
length 2, we see that the only indecomposable i?- modules V with ty ^ 2 and radical series length 
3 are submodules of the projective cover of the form 

To To 
Ti T2 or Ti T2 

To To 

However, the stable endomorphism ring of each of these modules has fc-dimension 2. li ty = 1 then 

V has radical series length at most 4 and sy < 3. Since F is a quotient module of a projective 
indecomposable _B-module in this case, there are no indecomposable B-modules V with ty = 1 
and radical series length 2. li ty = 1 and the radical series length of V is 3, we use similar Ext^ 
arguments as above to see that the only indecomposable i?-modules V with these properties are 
quotient modules of the projective cover Pj-q with descending radical factors To, Ti © T2, To. But all 
such modules have an endomorphism which factors through To and which does not factor through 
a projective module, meaning that the stable endomorphism ring of each of these modules has fc- 
dimension 2. Finally, if ty = 1 and the radical series length of V is 4, then V is one of the uniserial 
modules described in part (b)(iii) of Lemma lOl This description shows directly that EndB(V^) = fc. 
Moreover, using the projective indecomposable i?-modules, we see that Ext^(V, V) = k. □ 

Corollary 6.2. Assume Hypothesis 14.11 Let V be an indecomposable kG-module belonging to B 
such that End ^,g(T^) = k. The following statements are equivalent: 

(i) V is maximally ordinary in the sense of Definition \'i.'2\ 

(ii) > 4 and the Brauer character of V is equal to the restriction to the 2-regular conjugacy 
classes of an ordinary irreducible character of G of height 1; 

(iii) n > 4 and V is as in part (b) of Lemma \6.1[ 

Proof. If n = 2 (resp. n = 3), it follows from [121 Sect. VII] (resp. [121137]) that all generalized 
decomposition numbers corresponding to maximal 2-power order elements in D lie in {0, ±1}. Hence 
there are no maximally ordinary fcG-modules belonging to i? if n < 3. 

Now suppose n > 4. Let cr G I? be of maximal 2-power order, and let x be an ordinary 
irreducible character belonging to i?. It follows from [161 EZ] that if x has height 0, then the non- 
zero generalized decomposition numbers corresponding to a and x ^-re il- Also, if x has height 
n — 2, then all generalized decomposition numbers corresponding to a and x zero. On the other 
hand, we see from (|5.8p . since n > 4, that if x has height 1, then d^^^„) ^ {0,±1} if and only if 
X = X5,i for i G {Ij 2, . . . , 2"^^ — 1} — {2"~^}. Note that the restriction of X5,i to the 2-regular 
conjugacy classes is the same for all 1 < i < 2"^^ — 1. Therefore it follows that if ri > 4 then V 
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is maximally ordinary if and only if its Brauer character is equal to the restriction to the 2-regular 
conjugacy classes of an ordinary irreducible character of height 1. Hence Corollary 16 . 21 follows from 
Lemma 16.11 □ 

The lifts of some of the /cG- modules V from Lemma 16.11 are connected to 3-tubes in the stable 
Auslander-Reiten quiver of B as follows. 

Definition 6.3. Assume Hypothesis 14.11 assume n > 3, and let V be as in Lemma [6.11 We say 
V corresponds to a 3-tube if there exists an indecomposable quotient module U of the projectiye 
fcG-module coyer Py of V such that 

(a) U defines a lift of V oyer k[t]/{t^" and 

(b) U belongs to a 3-tube of the stable Auslander-Reiten quiver of B. 

The following lemma determines which modules V from Lemma l6 . 1 1 correspond to 3-tubes. 

Lemma 6.4. Assume Hvvothesis H.ll assume n > 3, and let V be as in Lemma lQ.ll If D is dihedral 
then V corresponds to a 3-tube, and if D is generalized quaternion then V does not correspond to a 
3-tube. If D is semidihedral then V corresponds to a 3-tube if and only if either 

• B is Morita equivalent to one of the algebras in 

{SD(2^)2(c), SD(2S)i(c), SD(3S)i, SD(3C)2,i} 
and V is arbitrary; or 

• B is Morita equivalent to SD(3^)i and V is such that its radical quotient or its socle is 
isomorphic to Ti; or 

• B is Morita equivalent to SD(3C)2.2 o,nd V is such that its radical quotient or its socle is 
isomorphic to Tq; or 

• B is Morita equivalent to SD(3H)i and V is such that its radical quotient is isomorphic to 
Ti; 

• B is Morita equivalent to SD(3H)2 arid V is such that its radical quotient is isomorphic to 
To. 

In all cases, if V corresponds to a 3-tube, then U from Definition \6.3\ belongs to the boundary of its 
3-tube. 

Proof. If D is generalized quaternion, Lemma [6.41 follows from [27l V.4.3]. 

Suppose next that D is dihedral, and let A — kQ/I be a basic algebra such that B is Morita 
equivalent to A. By [27l VI. 10.1], it follows that A/soc(A) is special biserial. Therefore, we can use 
the techniques described in [HI Sect. 3] to determine the 3-tubes of the stable Auslander-Reiten 
quiver of B. Note that the modules at the boundaries of the 3-tubes are either maximal uniserial 
or simple. Using the list of the possible V in Lemma [6Tl we see by direct inspection that V always 
corresponds to a 3-tube and that the module U from Definition 16.31 always belongs to the boundary 
of its 3-tube. 

Finally, suppose that D is semidihedral. By [27l V.4.2], the stable Auslander-Reiten quiver of B 
has at most one 3-tube. To give an idea of the arguments, we discuss the case when B is Morita 
equivalent to A = SD(3^)i. By Lemma [Ol b) (iii) . F is a uniserial module with descending compo- 
sition factors Tq,Ti,Tq,T2, or T2,Tq,Ti,To, or To,T2,To,Ti, or Ti,To,T2,To. Since V is uniserial 
with EndkciV) = A: = ^xtl^iV, V), we can use [1 Lemma 2.5] to show that R{G, V)/2R(G, V) is 
isomorphic to k[t]l{t^ ) (resp. k[t]/{t^ ~^)) if the radical quotient or the socle of V is isomor- 
phic to Ti (resp. T2). Hence by Definition 16.31 V can only correspond to a 3-tube if the radical 
quotient or the socle of V is isomorphic to Ti . Since the projective cover Pt^ is uniserial, we obtain 
from H Lemma 2.5] that U = n-\Ti) (resp. U = n{Ti)) defines a lift of V over k[t]/{t^"~^) if 
the radical quotient (resp. the socle) of V is isomorphic to Ti. Since V,'^{U) = U, it follows that U 
belongs to a 3-tube of the stable Auslander-Reiten quiver of B. Moreover, using the criterion given 
in [m Sect. 1] for almost split sequences to have an indecomposable middle term, we see that U 
belongs to the boundary of this 3-tube. □ 
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The following result shows that if V corresponds to a 3-tube, then the module U from Definition 
16.31 has a universal deformation ring R{G, U) = k. 

Proposition 6.5. Assume Hvvothesis \4,.\[ assume n>Z, and let V be as in Lemma \6.1[ Moreover 
suppose that V corresponds to a 3-tube. Let U be the kG-module from Definition \6.'S\ which belongs 
to a 3-tube of the stable Auslander-Reiten quiver of B. Then End ji,g(t/) = k and R{G, U) = k. 

Proof. If D is dihedral, this follows from 3, Sect. 5.2] and [9, Prop. 6.3]. For the remainder of the 
proof, assume that D is semidihedral. 

Let T be the 3-tube of the stable Auslander-Reiten quiver of B to which U belongs. By Lemma 
16.41 U belongs to the boundary of T. Going through the cases described in Lemma 16. 4[ it is 
straightforward to show that End ^.^(£/) = k and ExilQiU, U) = 0. 

Let K he a. vertex of U . Because of the work in [571 Chapter V], and in particular [27, V.4.2.1 
and proof of V.4.2], we have the following facts; 

(i) The group if is a Klein four group and the quotient group Ng{K)/Cg{K) is isomorphic to 
a symmetric group S3 . 

(ii) There is a block b of kNciK) with b'~^ — B such that the Green correspondent fU of U 
belongs to the boundary of a 3-tube in the stable Auslander-Reiten quiver of b. Moreover, 
b is Morita equivalent to fcS'4 modulo the socle. 

Using these facts in lieu of Facts 5.2.1], we can use similar arguments as in the proofs of [3, Prop. 
5.2.4 and Cor. 5.2.5] to show that R{G,U) ^ k. □ 

By Corollarv l6.21 Theorem II. II is a consequence of the following result. 

Theorem 6.6. Assume Hvvothesis H.ll and assume n > 3. Let V be an indecomposable kG-module 
belonging to B such that End /.g(V^) = k and such that the Brauer character of V is equal to the 
restriction to the 2-regular conjugacy classes of an ordinary irreducible character of G of height 1. 
Then 

uir< \i\ ^ / 2 */ ^ corresponds to a 3-tube, 

1 W^[[t]]/(g„(t)) if V does not correspond to a 3-tube, 

where quit) is as in Definition \5.3i In all cases, the ring R{G,V) is a subquotient ring of WD, and 
it is a complete intersection ring if and only if V does not correspond to a 3-tube. 

Proof. By Lemma [631 ^ is one of the modules in Lemma l6. 11 listed in part (a) or part (b). 

Suppose first that D is quaternion of order 8. By Lemma [OT a). Ext^(3(y, V) = 0, which implies 
that i?(G, V) is isomorphic to a quotient algebra of W . Using the decomposition matrices in Figures 
[8l [T2I and [TBI together with [221 Prop. (23.7)], we see that in all cases V can be lifted over W , which 
implies that R{G, F) = = W[[t\]/{q3{t)). 

For the remainder of the proof, assume that D is not quaternion of order 8. In particular, the 
Brauer character of V is the restriction of Xb,i to the 2-regular conjugacy classes of G. By Lemma 
I6.ir b). Ext^(3(y, V) = k, which implies that R{G, V) is isomorphic to a quotient algebra of W\\t]] 
but not to a quotient algebra of W . Let Py be the projective kG-module cover of V . 

Claim 0. There exists an indecomposable quotient module U' of Py such that U' defines a lift of 
V over fc[t]/(t2"" -1) and U'/t^U' is an indecomposable fcG-module. Moreover, if V corresponds to 
a 3-tube then the indecomposable fcG-module U of Definition 16. 3| which is also an indecomposable 
quotient module of Py, defines a lift of V over fc[t]/(i2" ) and satisfies CZ/i^" -^U ^U'. 

Proof of Claim 0. Suppose first that B is Morita equivalent neither to SD (2^)4(0), nor to 
Q(2S)2(p, a, c), nor to SD(3C)2,2- Then V is uniserial of length £ < A. Using the quiver and 
relations of the basic algebra of B, as provided in Section [4j it follows that in all cases Py has 
an indecomposable quotient module U' (resp. U, provided it exists) which is uniserial of length 
i (2"~^ — 1) (resp. £2"~^). Moreover, U' (resp. U) can be pictured as having 2""^ — 1 (resp. 2"~^) 
copies of V stacked on top of each other. This means that the action of t on U' (resp. U) is given 
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by an automorphism of U' (resp. U) which is unique up to multiphcation by a non-zero scalar and 
which factors through rad^(C/') (resp. rad^(C/)). This imphes Claim in this case. 

If B is Morita equivalent to SD(2;B)4(c) or Q{2B)2{p, a, c), it follows from Lemma lOT b) (ii) that 

V is uniserial of length 2 with descending composition factors Tu,T^, where {u,v} — {0,1}. Using 
the relations in Section [4.21 we see that the projective cover Py ~ Pt^ has a unique submodulc 
which is uniserial with descending composition factors Tu^T^. It follows that U' — Pt^/Ku, which 
can be visualized as in ()6.19|) . where T„ (resp. Ty) occurs 2"^^ — 1 times. This implies Claim in 
this case, since V does not correspond to a 3-tube, so U does not exist. 

T 

T T 

^ U .^^^^^^^ ^ V 

Tu ^^^^^^^^^^ Pv 
Tu Py 

(6.19) U' = . . 

'^u ^^^^^^^^^^^ T-'v 

Ty 

Finally, suppose B is Morita equivalent to SD(3C)2,2- By Lemma [G.lf bHv). V is indecompos- 
able with descending radical factors Pq,Pi(BP2, or Ti © T2, Tq, or 1/ is uniserial with descending 
composition factors Pi,Po,P2, or P2,Pq,Pi. Using the relations in Section 14.51 we see that there 
exists a unique uniserial B-module Pqq, up to isomorphism, with descending composition factors 
TojTq. Also, for u G {1,2}, there exists a unique uniserial S-module T„om, up to isomorphism, 
with descending composition factors T„,ro,T„. Moreover, the projective cover Pt„ has a unique 
submodule isomorphic to Tqo, and for u S {1, 2}, the projective cover Pt^ has a unique submodule 
isomorphic to PuOu- If the radical quotient (resp. socle) of 1^ is Tq, it follows that U is isomorphic 
to ^~^{Poo) (resp. n(Too)), and U' is isomorphic to rad^(J7). In particular, the action of t on U' 
(resp. U) is given by an automorphism of U' (resp. U) which is unique up to multiplication by 
a non-zero scalar and which factors through rad'^(C/') (resp. rad^(t/)). If the radical quotient of 

V is Pu for u G {1,2}, it follows that U does not exist and U' is isomorphic to Q~^{PuQu)- This 
completes the proof of Claim 0. 

Claim 1 . The universal mod 2 deformation ring R{G, V)/2R{G, V) is isomorphic to k[t\/{t^" ) 
(resp. k[t]/{t'^" ^~^)) and the universal mod 2 deformation of V is isomorphic to U (resp. LP) if V 
corresponds to a 3-tube (resp. does not correspond to a 3-tube). 

Proof of Claim 1. Suppose first that B is Morita equivalent neither to SD (2^)4(0), nor to 
Q{2B)2{p,a,c), nor to SD(3C)2,2- As seen in the proof of Claim 0, V is uniserial in this case. 
Moreover, it is straightforward to check that the projective cover of V satisfies the hypotheses of 
[31 Lemma 2.5]. Hence we can use [U Lemma 2.5] to prove Claim 1 in this case. 

If B is Morita equivalent to SD(2S)4(c) or Q(2S)2(p, a, c), it follows from Lemma ISTTT b) (ii) that 

V is uniserial with descending composition factors Pu,Pv where {u,v} = {0,1}. As seen in the 
proof of Claim 0, the projective cover Py = Pt^ has a unique submodule which is uniserial with 
descending composition factors Pu,Pu, and U' — Pt^JKu can be visualized as in (I6.19|) . Using the 
relations in Section we see that there is a unique i3-submodule V' of U' which is isomorphic to 
V . Moreover, if T = U' /V then there is a unique B-submodule T' of U' such that there are kG- 
module isomorphisms : U' /T' V and ^ /V = P ^ P' . Since ExtfcG(C^, V^) = and since 
every surjective fcG-module homomorphism U' V must have kernel equal to T, we can argue as 
in the proof of [4, Lemma 2.5] to show that R{G,V) /2R{G,V) is isomorphic to k[t\/{t^" ~-^) and 
that the universal mod 2 deformation of V is isomorphic to U' . This implies Claim 1 in this case. 
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If B is Morita equivalent to SD(3C)2,2, we use again similar arguments as in the proof of [4j 
Lemma 2.5] to prove Claim 1. The main point is that, as seen in the proof of Claim 0, U' and U 
are suitable submodules (resp. suitable quotient modules) of the projective cover Pt^ if the radical 
quotient (resp. socle) of is Tq, and U' is a suitable quotient module of Pt„ if the radical quotient 
oiV is T„ for u £ {1,2}. This completes the proof of Claim 1. 

CMm 2. In aU cases, EndkoiU') = k[t]/{t'^"'^-^). 

Proof of Claim 2. Suppose first that B is Morita equivalent neither to SD(2i3)4(c), nor to 
Q{2B)2{p,a,c), nor to SD(3C)2,2- As seen in the proof of Claim 0, U' is a uniserial module which 
can be pictured as having 2"~^ — 1 copies of V stacked on top of each other. Since U' is isomorphic 
to a tree module in the sense of [32], we can use the main result of [32] to prove Claim 2. 

If B is Morita equivalent to A e {SD(2;8)4(c), Q(2;B)2(p, a, c), SD(3C)2,2}, we use the relations 
in Section and Section H3] to analyze the possible fcG-module endomorphisms of U', where we 
use the description of U' as given in the proof of Claim 0. Using explicit fc-bases for the A-module 
Ujy corresponding to U' under the Morita equivalence, a straightforward linear algebra calculation 
shows that EndA(I/X) = A:[i]/(t2""'-i). This proves Claim 2. 

Claim 3. In all cases, U' has a lift U' over W such that the F-character of U' is equal to 

n-l 2"-2-i 

where pe is as in (|5.10p . 

Proof of Claim 3. In all cases, we use the description of U' as given in the proof of Claim 0. 
Suppose first that either B is not Morita equivalent to any of the algebras in 

{SD(2yi)i(c), Q(2yl)(c), SB{3A)i,qiSA)2} 

and V is arbitrary or B is Morita equivalent to SD(3^)i and V is such that its radical quotient 
(resp. socle) is isomorphic to Ti. Then Claim 3 follows by using the decomposition matrix of B 
together with f5?, Prop. (23.7)]. 

Suppose next that B is Morita equivalent to one of the algebras in {SD(2^)i(c), Q{2A){c)}. If the 
radical quotient (resp. socle) of V is isomorphic to Ti, then il{U') = Zqoi (resp. n^^{U') ^ Ziqq) 
where 

^ _ Ti Tq ^ _ Tq 

^001 — rp ) ^100 — rp rp 

-10 J-1 Jo 

Ti Ti 

and 2^001 is a submodule of Pti and ^loo is a quotient module of Pti- Using [3, Lemma 2.3.2], it 
follows that Zqoi and Zioo each have a lift over W such that the F-character of this lift is X3+X4+X6 
(using the notation in Figure [5]), which implies Claim 3 in this case. 

Finally, suppose that B is Morita equivalent to SD(3yl)i and u — 2 and t; = 1, or i? is Morita 
equivalent to Q(3^)2 and = {lj2}. If V is such that its radical quotient (resp. socle) is 

isomorphic to T„ then ^{U') = ^ouOn (resp. ^1^^{U') — ZuOvo) where 



T T 
To To 

'O'uOu — i-u -'-v 7 ^uO'uO — i-v 

To To 
T T 



and ZovOu is a submodule of Pt^ and ZuOvO is a quotient module of Pr„- Using [3, Lemma 2.3.2], 
it follows that ZovOu and ZuOvO each have a lift over W such that the F-character of this lift is 
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X2 + X3 + X6 if B is Morita equivalent to SD(3^)i (using the notation in Figure [7]) and the F- 
character of this hft is X2 + X4 + Xe (resp. X2 + X3 + Xy) if B is Morita equivalent to Q(3^)2 and 
u = 1 (resp. u = 2) (using the notation in Figure [S]). This completes the proof of Claim 3. 

Claim 4. The universal deformation ring R{G, V) is as stated in Theorem 16.61 

Proof of Claim 4. In all cases, it follows by Lemma \5M that U' from Claim 3 is an i?'G-module. 
More precisely, there exists a Vl^G- module endomorphism a of U' such that W[a] = R'. By Claim 2, 
we have EndkciU') = ^^/(t^""'"^) = R'/2R'. Moreover, since U' is a lift of V over k[t]/{t'^"'^-^), 
U' is free as a module for EndfcG(C^') of rank dim^ V = deg(x5,i)- Hence it follows by Lemma [Ql 
that ¥iudwG{U') = W[a] = R' and U' is free as a module for 'EnAwaiU')- 

In other words, U' defines a lift of V over R' . Let r : i?(G, V) — ?> R' be the unique continuous 
H^-algebra homomorphism relative to the lift defined by U' . Since i?'/(m^, + 2R') ^ k[t\/{t^), t is 
surjective if and only if R' /{m\, + 2R') (g)/?/ U' does not define the trivial lift of V over k[t]/{t^). 
However, 

R'/{m\, + 2R') ®R, U' ^ U'/{a^{U') + 2U') ^ TP/a^iTF) = W/t^W 
is an indecomposable fcG-module, which implies that this does not define the trivial lift of V over 
k[t]/{t^). Hence r is surjective and induces a surjective fc-algebra homomorphism 

T : i?(G, V)I2R{G, V) R'/2R'. 

Suppose first that V does not correspond to a 3-tube. Then R{G,V)/2R{G,V) and R'/2R' are 
isomorphic and finite dimensional over fc, which implies that r is an isomorphism. Because R' is a 
free M^-module of finite rank, it follows that r is an isomorphism. By Lemma 15. 5[ R' is isomorphic 
to a subquotient ring of WD. This proves Claim 4 and completes the proof of Theorem 16.61 if V 
does not correspond to a 3-tube. 

Suppose next that V corresponds to a 3-tube. Then the universal mod 2 deformation ring 
i?(G, V)/2R{G, V) is isomorphic to fc[i]/(2"'~^) and the universal mod 2 deformation is isomorphic 
to U. By |3l Lemma 2.3.3], it follows that R{G,V) ^ W[[t]]/ {qn{t){t - 2^), a2"g„(t)) for certain 
At e VF, a e {0, 1} and < m e Z. If a = then i?(G, V) = W[[t]]/iqnit){t - 2^i)) is free over W. 
If a = 1 then i?(G, F)/2™ i?(G, V) ^ {W/2"'W)[[t]]/{qnit){t- 2/x)) is free over W/2"^W. Therefore 
it follows that if a = (resp. a — 1), then there is a lift of U, when regarded as a fcG-module, over 
W (resp. over W/2™W). But by Proposition 16.51 we have i?(G, U) = k, which means we must have 
a — 1 and m — I. Since V corresponds to a 3-tube, D is dihedral or semidihedral. Hence by Lemma 
15.51 the ring W[[t]]/ {t qn{t),2 qn{t)) is isomorphic to a subquotient ring of WD. This proves Claim 
4 and completes the proof of Theorem 16.61 if V corresponds to a 3-tube. □ 
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Appendix: Decomposition matrices for the algebras in Section [4] 



Figure 1. The decomposition matrix for blocks of type D(2y^) or SD(2y^)2(c). 







Xi 


" 1 


X2 


1 


X3 


1 1 


X4 


1 1 


X5,t 


2 1 



Figure 2. The decomposition matrix for blocks of type SD(2^)i(c) or Q{2A){c). 







XI 


' 1 


X2 


1 


X3 


1 1 


X4 


1 1 


X5,i 


2 1 


Xe 


1 



Figure 3. The decomposition matrix for blocks of type r){2B) or SD(2S)i(c). 







Xi 


' 1 


X2 


1 


X3 


1 1 


X4 


1 1 


X5,i 


1 



Figure 4. The decomposition matrix for blocks of type SD(2S)2(c) or Q(2S)i(c). 





<P0 (/Si 


XI 


" 1 


X2 


1 


X3 


1 1 


X4 


1 1 


X5,t 


1 


X6 


2 1 
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Figure 5. The decomposition matrix for blocks of type SD(2S)4(c) or Q{2B)2{p, a, c). 







Xi 


' 1 


X2 


1 


X3 


1 


X4 


1 


X5,i 


1 1 



Figure 6. The decomposition matrix for blocks of type D(3^)i 



Xi 

X2 
X3 
X4 
X5,i 



V>0 Vl V2 

1 

1 1 1 

1 1 

1 1 

2 1 1 



l<i<T 



Figure 7. The decomposition matrix for blocks of type SD(3./l)i. 



fO 'Pi V2 



Xi 


1 








X2 


1 


1 


1 


X3 


1 





1 


X4 


1 


1 





X5,» 


2 


1 


1 


X6 








1 



Figure 8. The decomposition matrix for blocks of type Q(3>1)2. 



■^0 ^\ V>2 



Xi 


1 








X2 


1 


1 


1 


X3 


1 





1 


X4 


1 


1 





X5,i 


2 


1 


1 


X6 





1 





X7 








1 
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Figure 9. The decomposition matrix for blocks of type D(3S)i 



X2 
X3 

X4 
X5,i 



<P0 'Pi 

1 

1 1 

10 1 

1 1 1 

1 



1< i < 2" 



Figure 10. The decomposition matrix for blocks of type SD(3;B)i or SD(3I?). 





</?0 Vl V2 


Xi 


"10 


X2 


1 1 


X3 


1 1 


X4 


1 1 1 


X5,i 


1 


X6 


1 



Figure 11. The decomposition matrix for blocks of type SD(3B)2. 





y'o 'Pi 


P2 


Xi 


' 1 





X2 


1 1 





X3 


1 1 


1 


X4 


1 


1 


X5,i 


1 





X6 


2 1 


1 



Figure 12. The decomposition matrix for blocks of type Q(3S). 



<^0 'Pi P2 



Xi 


1 








X2 


1 


1 





Xs 


1 


1 


1 


X4 


1 





1 


X5,i 





1 





Xa 








1 


X7 


2 


1 


1 
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Figure 13. The decomposition matrix for blocks of type SD(3C)2 



<P0 Vl ^2 





" 


1 





X2 


1 


1 





X3 


1 





1 


X4 








1 


X5,j 


1 








X6 


1 


1 


1 



Figure 14. The decomposition matrix for blocks of type SD(3C)2 



y'O V>1 V>2 



Xi 





1 





X2 


1 





1 


X3 


1 


1 





X4 








1 


X5,i 


1 


1 


1 


X6 


1 









Figure 15. The decomposition matrix for blocks of type 80(3^) 



<P0 'Pi 'P2 



Xi 


1 








X2 


1 


1 


1 


X3 





1 





X4 








1 


X5,i 





1 


1 


X6 


1 


1 






Figure 16. The decomposition matrix for blocks of type 80(3"^) 



"^0 'Pi P2 



Xi 


1 








X2 





1 





X3 


1 


1 


1 


X4 








1 


X5,i 


1 


1 





X6 





1 


1 



28 FRAUKE M. BLEHER 



Figure 17. The decomposition matrix for blocks of type D(3/C). 



X2 
X3 

X4 
X5,i 



Vl V2 

1 

1 1 1 

1 

1 

1 1 



1< i < 2" 



Figure 18. The decomposition matrix for blocks of type Q(3/C). 



Vo ^1 ^2 



Xi 


1 








X2 


1 


1 


1 


X3 





1 





X4 








1 


X5,» 





1 


1 


X6 


1 





1 


X7 


1 


1 






